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Abstract: The power spectrum of water optical turbulence is shown to vary with its average
temperature 〈T〉 and average salinity concentration 〈S〉, as well as with light wavelength λ. This
study explores such variations for 〈T〉 ∈ [0 ◦C, 30 ◦C], 〈S〉 ∈ [0 ppt, 40 ppt] covering most of the
possible natural water conditions within the Earth’s boundary layer and for visible electromagnetic
spectrum, λ ∈ [400 nm, 700 nm]. For illustration of the effects of these parameters on propagating
light we apply the developed power spectrum model for estimation of the scintillation index of a
plane wave (the Rytov variance) and the threshold between weak and strong turbulence regimes.
© 2020 Optical Society of America
1. Introduction
The demand for underwater applications has been steadily increasing in the recent years due to
broad expansion in human activities such as scientific data collection, environmental monitoring,
oil field exploration, maritime archaeology, port and watercraft security. In their turn, these
applications have boosted the demand for the underwater high speed wireless connectivity and
high quality imaging. Optical signaling has the ability to achieve these goals but it is severely
affected by water optical turbulence, i.e., rapid but spatially mild fluctuations in the water’s
refractive index [1] (see also [2,3]). Therefore it is crucial to establish accurate analytical models
for spatial power spectrum applicable to the wide range of Earth’s water conditions. It is well
known that the two main factors affecting water optical turbulence are the temperature and the
salinity fluctuations. However, unlike in air turbulence, in the water not only the variations in
these quantities but also their average values may affect the optical signal transmission. Moreover,
unlike in the air, on propagation in water light statistics may substantially depend on the source
wavelength.
Originally the spatial power spectra models of the fluctuating refractive index of the oceanic
waters resulting from temperature and salinity fluctuations have been developed in the seminal
work by Hill in 1978 [4], [5]. Not until 2000 have the two power spectra been combined into a
single power spectrum in a form of a linearized polynomial by Nikishovs [6], involving some
data from the previously developed model for double diffusers [7]. Due to its simplicity and
versatility, over the last two decades the Nikishovs’ model became the standard for making the
theoretical predictions about light evolution in underwater turbulence [1]. Notwithstanding its
long-lasting impact on the field, several elaborations of the Nikishovs’ spectrum have been later
proposed [8–11].
In particular, in recent work by the authors [11] (see also [12]) the attempt was made to use a
numerical fit to one of the very accurate Hill’s models (model 4 of [4]) for the power spectrum
with Prandtl(Pr)/Schmidt(Sc) numbers varying in intervals sufficiently large to cover all possibile
average temperatures occuring in the Earth’s ocean waters: 〈T〉 ∈ [0 ◦C, 30 ◦C]. The effect of the
average temperature on the evolution of the light waves was then revealed: with the increase
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in the average temperature the light statistics have been shown to be affected slightly less. The
proposed extension [11], while provided the insight into the average temperature dependence has
only dealt with the ocean waters at the average salinity (NaCl) concentration of 35ppt.
This study, building upon model in [11], considers turbulent waters with large ranges of
average temperature 〈T〉 ∈ [0 ◦C, 30 ◦C] and average salinity concentration 〈S〉 ∈ [0 ppt, 40 ppt]
covering practically all possible water basins on the planet. In particular, here we introduce two
important extensions: (I) we calculate the Prandtl/Schmidt numbers and the eddy diffusivity
ratio for arbitrary average temperature and salinity concentration and (II) we recalculate the
linear coefficients used in the Nikishovs’ linearized polynomial model, on the basis of a precise
model of the refractive index of the ocean water developed by Quan and Fry [13]. The latter
extension allows us to determine these linear coefficients having fine dependence on the average
temperature, average salinity concentration and the wavelength of light. We point out that the
direct dependence of the underwater power spectrum on the light wavelength is a new type of
dependence and will be examined in detail in terms of its impact on light scintillation. In fact,
this should not come as a surprise: water absorption has a very strong dependence on light
wavelength as well [14].
2. Calculation of temperature/salinity dependent Prandtl and Schmidt numbers
In this section, we analyze the dependence of the Prandtl and the Schmidt numbers on the water’s
average temperature and salinity concentration. In the Hill’s models [4, 5] these parameters are
calculated on the basis of the laminar flows and must not be confused with similar definitions for
turbulent flows. We will assume here that the calculations of all derived quantities are made at
the atmospheric pressure.
The Prandtl number for the laminar flow is defined as
Pr = ν/αT , (1)
where ν
[
m2s−1
]
is the momentum diffusivity (also known as kinematic viscosity), αT [m2/s] is
the molecular thermal diffusivity. Further, ν can be expressed as
ν = µ/ρ, (2)
with µ being dynamic viscosity
[
N · s ·m2] and ρ [kg ·m3] being the density of a fluid. Also in
Eq. (1) αT is
αT = σT /(ρcp), (3)
with σT
[
W ·m−1K−1] being the thermal conductivity and cp [J · kg−1 · K−1] being the specific
heat. Hence,
Pr = cpµ/σT . (4)
As shown in Appendices I-III, three parameters: cp , µ, σT may be directly related to the average
temperature 〈T〉 and average salinity 〈S〉. Thus, on combining Eq. (4) with Eqs. (27-33), we
have directly related Pr with 〈T〉 and 〈S〉.
The Schmidt number for the laminar flow is defined as
Sc = ν/αS, (5)
where, as before, ν is kinematic viscosity and αS
[
m2s−1
]
is the molecular diffusivity of salt.
According to the Stokes–Einstein law [15],
αSµ/〈T〉 = constant. (6)
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Fig. 1. (a) Schmidt number, and (b) Prandtl number varying with average temperature
and salinity.
On fitting the data in Ref. [15] with the least square method we concluded that
αS ≈ 5.954 × 10−15 〈T〉
µ
. (7)
Further, on combining Eq. (7) with Eqs. (2) and (5) we arrive at the formula
Sc =
µ
αSρ
≈ µ
2
5.954 × 10−15 〈T〉 ρ . (8)
The details regarding variation of µ and ρ with 〈T〉 and 〈S〉 are given in Appendices III and IV,
respectively. Thus, on combining Eq. (8) with Eqs. (31)-(36) we have directly related Sc with
〈T〉 and 〈S〉.
Figure 1 uses the results of this section by presenting the density plots of the Schmidt and
the Prandtl numbers varying with the average temperature and salinity concentration. The state
(〈T〉 , 〈S〉) = (20◦C, 34.9ppt) corresponding to Pr = 7.16 and Sc = 647.7 sufficiently agrees
with the widely accepted approximation of standard oceanic turbulence (Pr ≈ 7 and Sc ≈ 700).
Both Pr and Sc decrease with increasing 〈T〉, and slowly increase with increasing 〈S〉 being in
agreement with that of Ref. [11, 12].
3. Calculation of temperature/salinity dependent eddy diffusivity ratio
The aim of this section is to obtain the expression for the eddy diffusivity ratio dr varying with
water’s average temperature and average salinity [16]. This quantity is defined as [8, 11]
dr= KS/KT ≈

Rρ + R0.5ρ (Rρ − 1)0.5, Rρ ≥ 1,
1.85Rρ − 0.85, 0.5 ≤ Rρ < 1,
0.15Rρ, Rρ < 0.5,
(9)
where KT and KS are the eddy diffusivity of temperature and salinity, respectively. Further, Rρ is
a dimensionless quantity known as the density ratio,
Rρ =
α |H |
β
, (10)
with H being the temperature-salinity gradient ratio (d 〈T〉 /dz) /(d 〈S〉 /dz), α and β are the
thermal expansion coefficient and the saline contraction coefficient, respectively, which can be
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Fig. 2. dr varying with 〈T〉 and 〈S〉 at different values of H. (a) H = −10◦C · ppt−1;
(b) H = −100◦C · ppt−1; (c) H = −400◦C · ppt−1.
calculated from expressions
α (T, S) = 1
V
∂V
∂T

S
and β (T, S) = 1
V
∂V
∂S

T
, (11)
under the assumption of atmospheric pressure. The (specific) volume V has been described by a
75-term polynomial expression in the new version of TEOS-10 standard. Related formulae and
calculations have been reported in [17], and developed in the TEOS-10 toolbox [18]. Based on
Eq. (9)-(10), and using the α (〈T〉 , 〈S〉) and β (〈T〉 , 〈S〉) in TEOS-10 toolbox, one can calculate
the eddy diffusivity ratio dr (〈T〉 , 〈S〉 ,H).
Based on all the results of this section, Fig. 2 presents dr changing with 〈T〉 and 〈S〉, for
several fixed values of temperature-salinity gradient ratio H.
4. Calculation of the linear coefficients of temperature and salinity
In this section we derive, on the basis of the water refractive-index polynomial of Quan and
Fry [13], the expressions for linear coefficients to the power spectrum characterizing contributions
from temperature and salinity fluctuations which depend on average temperature 〈T〉 [◦C], average
salinity 〈S〉 [ppt] and light wavelength λ[nm]. The polynomial expression obtained in [13] for the
refractive index n(T, S, λ) agrees well with Sager’s data [19] being less than 5×10−51. This allows
us to assume the validity ranges for the average temperature and average salinity concentration as:
0 ◦C ≤ T ≤ 30 ◦C and 0 ppt ≤ S ≤ 40 ppt, respectively. Besides, by comparing their model with
Austin and Halikas’ experimental data [20], Quan and Fry have shown its occuracy in interval
400 nm ≤ λ ≤ 700 nm. The empirically fitted polynomial of [13] has form:
n(T, S, λ) = a0 + (a1 + a2T + a3T2)S + a4T2
+
a5 + a6S + a7T
λ
+
a8
λ2
+
a9
λ3
,
(12)
where constants ai , i = {0, ..., 9} have the following values
a0 = 1.31405, a1 = 1.779 × 10−4, a2 = −1.05 × 10−6,
a3 = 1.6 × 10−8, a4 = −2.02 × 10−6, a5 = 15.868,
a6 = 0.01155, a7 = −0.00423, a8 = −4382, a9 = 1.1455 × 106.
(13)
This model was shown to be consistent with all the data taken up to then and to be a generalization
or correction for previously introduced models (see [13] and references wherein).
Let us first represent the refractive index n as a sum of its average value n0 and relative
fluctuation n′:
n = n0(〈T〉, 〈S〉, λ) + n′, (14)
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Fig. 3. The coefficients A and B varying with 〈T〉 and 〈S〉 at λ = 532nm.
where the latter portion can be approximately linearized as
n′ ≈ A(〈T〉, 〈S〉, λ)T ′ + B(〈T〉, 〈S〉, λ)S′, (15)
with T ′ and S′ being the fluctuating components of the temperature and salinity concentration
distributions, respectively, while A and B being the linear coefficients. Unlike in the previous
oceanic refractive-index spectrum models, essentially all based on approach taken in [6], here A
and B are not constants but functions of the water’s average temperature, average salinity and
and the wavelength of light. In order to determine such functional dependence for A and B, we
examine the first-order Taylor approximation
dn (T, S, λ) = ∂n (T, S, λ)
∂T
dT +
∂n (T, S, λ)
∂S
dS +
∂n (T, S, λ)
∂λ
dλ. (16)
Setting dλ = 0 implies that
A (〈T〉, 〈S〉, λ) = ∂n (T, S, λ)
∂T

T=〈T 〉,S=〈S〉
= a2〈S〉 + 2a3〈T〉〈S〉 + 2a4〈T〉 + a7
λ
,
(17)
and
B (〈T〉, 〈S〉, λ) = ∂n (T, S, λ)
∂S

T=〈T 〉,S=〈S〉
= a1 + a2〈T〉 + a3〈T〉2 + a6
λ
.
(18)
It can be deduced from Eqs. (17) and (18) that at fixed values 〈T〉 = 20◦C, 〈S〉 = 34.9ppt
and λ = 532nm the linear coefficients take on values A = −10.31 × 10−5deg−11 and B =
1.85 × 10−4g−11. These values somewhat differ from the Nikishovs’ result developed with the
help of formulas in Ref. [7]: A = −2.6 × 10−4deg−11 and B = 1.750 × 10−4g−11 but do agree
with the widely accepted approximation A ≈ −10−4deg−11 and B ≈ 2 × 10−4g−11 [21].
Equation (15) together with Eqs. (17) and (18) constitute the main result of this section. They
provide approximations to the linear coefficients of temperature and salinity contributions to the
natural water’s refractive-index fluctuations varying with 〈T〉, 〈S〉 and λ.
More details regarding of A and B varying with 〈T〉, 〈S〉 and λ are given in Figs. 3 and 4.
Figure 3 presents variation of A and B as functions of 〈T〉 and 〈S〉 when λ = 532 nm. Coefficient
A decreases with increasing 〈T〉 and 〈S〉 but B only decreases with increasing 〈T〉 but does not
vary with 〈S〉. Such invariance can also be directly established from Eq.(18). Figure 4 shows the
wavelength dependence of A and B at 〈T〉 = 15 ◦C and 〈S〉 = 34.9 ppt.
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Fig. 5. (a) n′ varying with T ′, and (b) n′ varying with S′ in three models:
Model 1: Nikishovs’ model;
Model 2: Our linear model in Eq. (15) with Eqs. (16)-(17);
Model 3: Quan and Fry’s formula containing full polynomial.
Figure 5 compares linear approximation given in Eq. (15) with the Quan and Fry’s formula
(see Eq. (12) of Ref. [13]) as well as with the Nikishovs’ model, by plotting n′ varying with T ′
and S′ when 〈T〉 = 20 ◦C and 〈S〉 = 34.9 ppt. It shows that Nikishovs’ model obviously deviates
from the Quan and Fry’s model while our approximation given by Eq. (16) agrees well with it.
5. Power spectrum for any average temperature and salinity
In this section we will incorporate the expressions obtained in the previous sections for the
Prandtl/Schmidt numbers, the eddy diffusivity ratio and the linear coefficients A and B into the
spatial power spectrum of the water refractive-index fluctuations. According to Ref. [6] the power
spectrum can be expressed as
Φn(κ, 〈T〉, 〈S〉, λ) =A2(〈T〉, 〈S〉, λ)ΦT(κ) + B2(〈T〉, 〈S〉, λ)ΦS(κ)
+ 2A(〈T〉, 〈S〉, λ)B(〈T〉, 〈S〉, λ)ΦTS(κ),
(19)
where ΦT(κ), ΦS(κ), and ΦTS(κ) are the temperature spectrum, the salinity spectrum, and the
co-spectrum, respectively, and A and B are the linear coefficients varying with < T >, < S > and
λ obtained in Eqs. (17) and (18) [22].
For each of these three spectra, we will apply the analytic fit [11]
Φi(κ, 〈T〉, 〈S〉) =
[
1 + 21.52(κη)0.63ci0.02 − 18.17(κη)0.58ci0.04
]
× 1
4pi
βε−
1
3 κ−
11
3 χi exp
[
−176.41(κη)2ci0.96
]
, i ∈ {T, S,TS},
(20)
where the ensemble-averaged variance dissipation rates χi (i ∈ {T, S,TS}) are defined by [6, 8]
χT = KT
(
d 〈T〉
dz
)2
, χS = KS
(
d 〈S〉
dz
)2
, χTS =
KT + KS
2
(
d 〈T〉
dz
) (
d 〈S〉
dz
)
, (21)
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the Kolmogorov microscale η[m−1] is
η = ν3/4ε−1/4
=
[
µ(〈T〉, 〈S〉)
ρ(〈T〉, 〈S〉)
]3/4
ε−1/4,
(22)
where ε is the energy dissipation rate [m2/s3]. In Eq. (20) the non-dimensional parameters
ci (i ∈ {T, S,TS}) are
cT = 0.0724/3βPr−1(〈T〉, 〈S〉), cS = 0.0724/3βSc−1(〈T〉, 〈S〉),
cTS = 0.0724/3β
Pr(〈T〉, 〈S〉) + Sc(〈T〉, 〈S〉)
2Pr(〈T〉, 〈S〉)Sc(〈T〉, 〈S〉) ,
(23)
cTS is based on the coupling between Pr and Sc [9, 10]; KT and KS , as before, are the eddy
diffusivity of temperature and salinity, respectively. Combining Eq. (21) with Eqs. (9)-(11), we
get
χS (〈T〉 , 〈S〉 ,H, χT ) = dr (〈T〉 , 〈S〉 ,H)H2 χT ,
χTS (〈T〉 , 〈S〉 ,H, χT ) = 1 + dr (〈T〉 , 〈S〉 ,H)2H χT .
(24)
where, as shown in Section 3, H is the temperature-salinity gradient ratio, and dr can be directly
calculated from 〈T〉, 〈S〉 and H.
The power spectrum model given by Eqs. (19) - (24) is the main result of our study. In
combination with the results of Sections 2, 3 and 4, it gives the 2nd-order analytic description
of the natural water optical turbulence with the wide-range average temperatures and salinity
concentrations occurring in the Earth’s oceans, seas, bays, rivers and lakes, at any geographic
region, under a variety of meteorological conditions, and for all visible wavelengths.
6. Light scintillation in natural waters
In this section we will explore the effects of the average temperature, the average salinity
concentration and the wavelength entering the developed power spectrummodelΦn(κ, 〈T〉, 〈S〉, λ)
on the scintillation index of a plane wave, also known as the Rytov variance [23]. It is given by
expression
σ2I,pl(L) =
8pi2k20L
n20
∫ 1
0
dξ
∫ ∞
0
κΦn(κ, 〈T〉, 〈S〉, λ)
[
1 − cos
(
Lκ2ξ
k0
)]
dκ
=
8pi2k20L
n20
∫ ∞
0
κΦn(κ, 〈T〉, 〈S〉, λ)
[
1 − sin
(
Lκ2/k0
)
Lκ2/k0
]
dκ,
(25)
0 10 20 30 40
0.0
7.5
15.0
22.5
30.0
< 
T 
> 
(o
C)
< S > (ppt)
1.81
2.06
2.31
2.56
2.81
log10(Ld)
Fig. 7. log10 (Ld) varying with 〈T〉 and 〈S〉 where Ld has the unit [m].
where n0 is the average value equal to n (〈T〉 , 〈S〉 , λ), k0 = 2pi/λ is the wavenumber, and L is the
propagation distance. This quantity is one of the most crucial observables of optical turbulence
and is frequently used for separation of weak and strong turbulence regimes [23]. It was used in
Ref. [24] for the very first analysis of optical scintillation underwater.
Figure 6 shows scintillation index σ2
I,pl(L) for several fixed values of 〈S〉, 〈T〉 and λ and the
following fixed values of parameters: ε = 10−2m2s−3, H = −20 ◦C · ppt−1 and χT = 10−5K2s−1.
We also set 〈T〉 = 15 ◦C and 〈S〉 = 34.9 ppt in Fig. 6(a); 〈T〉 = 15 ◦C and λ = 532 nm in Fig.
6(b); 〈S〉 = 34.9 ppt and λ = 532 nm in Fig. 6(c). It is shown that larger 〈S〉 and/or 〈T〉 lead to
stronger effects of turbulence on the plane wave and result in a larger scintillation [25,29]. We
also conclude that the shorter the wavelength of light the stronger the scintillations are.
In addition, on solving equation
σ2I,pl(Ld) = 1, (26)
we can find the threshold distance Ld between weak (L  Ld) and strong (L  Ld) turbulence
regimes. The density plot of log10 [Ld (〈T〉 , 〈S〉)] is illustrated in Fig. 7 with λ = 532nm,
ε = 10−2m2s−3, H = −20 ◦C · ppt−1 and χT = 10−5K2s−1. It is evident that larger values of Ld
correspond to lower 〈T〉 and 〈S〉 which is in agreement with Fig. 6(a)-(b).
7. Summary and conclusion
We have derived the expressions for the Prandtl/Schmidt numbers, the eddy diffusivity ratio
varying with average temperature 〈T〉 and average salinity 〈S〉, as well as the coefficients A and B
of the linear approximation of temperature and salinity contributions to the natural water power
spectrum as functions of 〈T〉, 〈S〉 and wavelength λ. We have found the following:
• Larger values of 〈T〉 or/and smaller values of 〈S〉 lead to smaller values of the Prandtl/Schmidt
number;
• Eddy diffusivity ratio dr increases with increasing 〈T〉 and/or 〈S〉;
• Linear coefficient A decreases with increasing 〈T〉 and/or 〈S〉 while linear coefficient B
decreases with increasing 〈T〉 but does not vary with 〈S〉;
• A larger wavelength λ leads to a larger A and a smaller B.
Using these results, we have obtained a model of the oceanic optical turbulence spectrum
varying with environmental parameters, and have used this model to calculate the scintillation
index of a plane wave. Based on the generic numerical calculations we concluded that a larger
〈T〉, a larger 〈S〉 and a smaller λ would lead to stronger scintillations.
The proposed power spectrum can be used in numerical calculations relating to light propaga-
tion in natural turbulent waters with practically any average temperature and average salinity
concentration present in the Earth’s boundary layer and with any visible wavelength.
Appendix: Related thermodynamic parameters varying with 〈T〉 and 〈S〉
I. The specific heat varying with 〈T〉 and 〈S〉
According to [30] and [31], at atmospheric pressure, the specific heat cp
[
J · kg−1 · K−1] is
cp = 1000 × (a11 + a12〈T〉 + a13〈T〉2 + a14〈T〉2), (27)
where
a11 = 5.328 − 9.76 × 10−2〈S〉 + 4.04 × 10−4〈S〉2,
a12 = −6.913 × 10−3 + 7.351 × 10−4〈S〉 − 3.15 × 10−6〈S〉2,
a13 = 9.6 × 10−6 − 1.927 × 10−6〈S〉 + 8.23 × 10−9〈S〉2,
a14 = 2.5 × 10−9 + 1.666 × 10−9〈S〉 − 7.125 × 10−12〈S〉2.
(28)
II. The thermal conductivity varying with 〈T〉 and 〈S〉
Thermal conductivity σT
[
W ·m−1K−1] can be calculated using results of Ref. [32]:
log (σT ) =0.434 ×
(
2.3 − 343.5 + 0.037〈Sh〉〈Th〉 + 273.15
) [
1 − 〈Th〉 + 273.15
647.3 + 0.03〈Sh〉
]1/3
+ log (240 + 0.0002〈Sh〉) − 3,
(29)
where
〈Th〉 = 1.00024〈T〉, 〈Sh〉 = 〈S〉/1.00472. (30)
III. The dynamic viscosity varying with 〈T〉 and 〈S〉
At atmospheric pressure the dynamic viscosity µ
[
N · s ·m2] can be finely evaluated using a
model of Ref. [33], obtained as the analytic fit of data reported in [33]- [34], where:
µ = µ0(a21〈s〉 + a22〈s〉2), 〈s〉 = 〈S〉 × 10−3. (31)
where
a21 =1.5409136040 + 1.9981117208 × 10−2〈T〉 − 9.5203865864 × 10−5〈T〉2,
a22 =7.9739318223 − 7.5614568881 × 10−2〈T〉 + 4.7237011074 × 10−4〈T〉2, (32)
and
µ0 =
[
0.15700386464 × (〈T〉 + 64.992620050)2
−91.296496657]−1 + 4.2844324477 × 10−5.
(33)
IV. The density of water varying with 〈T〉 and 〈S〉
The density of water ρ
[
kg ·m3] at atmospheric pressure was fitted in Ref. [33] based on data of
Refs. [35] and [36].
ρ = ρT + ρS (34)
where temperature-only contribution ρT and its adjustment by salinity ρTS are approximated by
polynomials:
ρT =9.9992293295 × 102 + 2.0341179217 × 10−2〈T〉 − 6.1624591598 × 10−3〈T〉2
+ 2.2614664708 × 10−5〈T〉3 − 4.6570659168 × 10−8〈T〉4, (35)
ρTS =〈s〉[8.0200240891 × 102 − 2.0005183488〈T〉 + 1.6771024982 × 10−2〈T〉2
− 3.0600536746 × 10−5〈T〉3 − 1.6132224742 × 10−5〈T〉2〈s〉], (36)
where, as before, 〈s〉 = 10−3 × 〈S〉.
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